A detailed presentation of the recently introduced integration-free method, with applications to determine the energy levels of the generalised quantum anharmonic oscillators, are given. Numerical calculations are realised for the quartic and the sextic oscillators. Energy eigenvalues obtained for the ground state as well as for the first few excited states accurate to thirty digits are very impressive and demonstrate the efficiency of the method. Certain remarks about the selection of the basis functions and a convergence discussion on the presented simple approximation scheme are also included in this paper.
Introduction
Almost all of the bound-state investigations of the systems encountered in quantum physics can be interpreted as eigenvalue problems of certain linear operators whose domains cover a Hilbert space. It is well known that, if only the non-relativistic case is under consideration, the Schrodinger operator characterises the system. For an atomic or molecular system, discrete and continuous spectra exist together and bound states have various accumulation points in or at the border of the continuous spectrum. The determination of such eigenvalues is a difficult problem, and almost all methods either fail or show weak convergence properties. However, the ground or low-lying states do not create such difficulties if they are sufficiently far from the starting point of the continuum. This statement is, of course, not general since it is true only if the operator is semibounded.
On the other hand, some quantum mechanical problems in crystal physics or in solid state theory generally deal with systems which possess solely discrete spectra; for example, well potentials and anharmonic oscillators. However, although the non-existence of the continuous spectrum is an important simplification, there may be some adjacent eigenvalues, numerical evaluations of which result in serious problems. The discrete and continuous parts of the spectrum of a given linear operator have different uses in practical applications. Indeed, if we are interested in the discrete spectrum the determination of the spectral points is necessary since they give the energetic structure of the system in question. In the case of continuous spectra, however, the problem characterises a scattering or a collision phenomenon, and so perhaps only the endpoint of the continuous spectrum and density of the spectral points are of importance. Thus the determination of the wavefunction is more important. Now, if one desires to find the discrete spectrum of the Schrodinger operator of a given system, the conventional way is to convert this eigenvalue problem to a matrix 0305-4470/88/203903 + 17$02.50 @ 1988 IOP Publishing Ltd
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eigenvalue problem via the selection of a basis set which spans the domain of the operator. If the basis set employed in this procedure is orthonormal, the resulting matrix eigenvalue problem is then symmetric and unit-matrix weighted. Otherwise a generalised matrix eigenvalue problem is encountered. To evaluate the elements of the matrices in the matrix representation of the Schrodinger operator and the unit operator, it is necessary to perform certain integrals. Perturbational [ 1-31 and variational methods may be recalled as examples. The solution of the matrix eigenvalue problem mentioned above depends completely on these integrals. The presence of integration in such methods causes two limitations. First, the trial functions have to be chosen in such a way that the integrals can be evaluated easily and, preferably, analytically. In many cases, this makes it impossible to use well defined basis functions that characterise the true behaviour of a system at the singular points of the differential operator. Second, there are serious problems due especially to the accumulation of errors when numerical integration techniques are tried. It should be noted that many methods, such as collocation and finite differences, seem to be integration-free; but, in fact, they do not remove the non-local behaviour, which is peculiar to integration in the solution technique. That is, such methods have a hidden integration character. Hence the establishment of an integration-free algorithm, which uses mostly local information, is of considerable importance in many circumstances.
It is well known that dividing the general Schrodinger equation H 9 = E* by yields
which is constant for each point in the domain of the wavefunction. Therefore, energy may be locally evaluated at any point in the domain if the exact wavefunction is known. Indeed, Bartlett [4] has pointed out that for an exact solution E is a constant whereas an approximate wavefunction or a trial function, qT, will lead to a local energy, say p, calculated from H q T / q T as a varying function of position. Bartlett used this property of local energy to test the goodness of a numerically calculated wavefunction for helium [SI. It is clear that the constancy of HYT/qT can be employed at least as a criterion of the excellence of the trial function. Frost er al [ 6 ] have developed a least-squares method and made use of the criterion of constant energy to improve the original approximating function. Their approach, however, has a global nature.
A very different strategy is developed here, however, where the constancy of HV/Y is directly used for the construction of a new algebraic method. Our approach employs the vanishing derivatives of the ratio Hq/* as the basic idea of the method. In other words, a truncated Taylor series expansion around an internal point of the domain should have zero coefficients, except for the first constant one. So this method is of a completely local character.
In this paper we show how an integration-free method, the main outlines of which have been introduced by Demiralp [7] , can be developed to solve linear eigenvalue problems. The formalism of the method is given in § 2. In § 3, generalised anharmonic oscillators are briefly reviewed and a novel trial function is constructed in such a way that it reflects the particular behaviour of the exact wavefunction. Subsections 3.1 and 3.2 cover the particular cases of the quartic and sextic oscillators. Extremely accurate numerical results are presented in § 4 in the entire range of the anharmonicity constant. The last section includes a convergence discussion of the algorithm and some concluding remarks.
The Wronskian approach
Let us consider the following eigenvalue problem: where 2 denotes a linear ordinary differential operator whose domain, 9 (9) , is a subspace of a Hilbert space, 2. We have assumed, without any loss of generality, that 9 contains only one independent variable. Indeed, all conceptual features of the scheme remain unchanged when it is extended to the many-dimensional case. We also assume that 2 has only a discrete spectrum, in order to avoid the aforementioned difficulties of the continuous spectrum.
Let us now choose a trial function, YT, for the approximate solution of (2.1):
and consider the ratio
where x stands for the independent variable and the 4, are the elements of a basis set which spans the domain of the operator. If P T ( x ) were a true eigenfunction of 9, the ratio would be a constant equal to the corresponding eigenvalue on the entire interval of by assuming that the 4, are infinitely differentiable:
This is equivalent to equating to zero the first ( N -1 ) derivatives of the Taylor expansion of p ( x ) at a specific point, xo. That is,
which means that p ( x ) is almost a constant function in a sub-interval centred at xo.
The extra condition on T Y T is due to the fact that if 2PT does not satisfy the boundary conditions then p ( x ) goes to infinity at the boundary points of the x interval. This is, of course, an undesired property since in this way the flatness of p ( x ) is affected in an important area. Now, if we differentiate both side of (2.3), 2 P T ( x ) = p ( x ) P T ( x ) , in conjunction with (2.2), up to ( N -1)th order 41 and d are the Wronskian matrices of the set { 4 , ( x ) } and the transformed set {uj(x)} respectively, so that this scheme may be called the 'Wronskian approach'. The generalised eigenvalue problem (2.13) may yield complex pairs of eigenvalues depending on the xo value and the nature of 9 and { 4 j } due to the non-symmetric structure of d and 41. We may conjecture, however, that it is possible to find certain x,, values for which a real A can be obtained. It is also possible to convert 41 into the identity matrix by a convenient selection of the 4j. These arguments will become clearer in the following sections when the method is applied to solve specific problems. Above all, if the 4j form a complete set one can expect that the scheme converges as N goes to infinity. However, we leave the convergence proof to future studies.
Generalised anharmonic oscillators
The quantum mechanical description of generalised anharmonic oscillators in the one-dimensional case is given by the Schrodinger equation
with the boundary condition
where " ( x ) , E and p are the wavefunction, energy eigenvalue and anharmonicity constant, respectively. With the introduction of a scaling parameter, U, and the transformation of the variable x to u'"x, the equation becomes
where the scaling parameter is defined by
in order to obtain a bounded potential for all regimes of the anharmonicity constant.
A review of the anharmonic oscillators problem is outside the scope of this work. Our aim is merely to test the Wronskian approach. We may, however, outline the main approaches in three groups: perturbative methods [8- As is well known, all these methods are equally useful depending on their particular limitations.
Let us now examine the mathematical structure of the Hamiltonian (3.2). First, H is positive definite as long as p is non-negative. The positive definiteness and the self-adjointness of the operator implies that it possesses a real positive and discrete spectrum. It is well known that the spectral points of the harmonic oscillator are equally spaced, whereas in the case of the anharmonic oscillators discussed here, as the state number and the parameter p increase, the difference between any two consecutive eigenlevels is broadened. That is, none of the eigenvalues of H are close to each other, so the spectrum is numerically well isolated. Another property of H is that the non-existence of odd terms in x makes it possible to separate the set of eigenlevels into two subsets which contain even and odd functions of x, respectively, i.e. symmetric and antisymmetric levels.
On the other hand, the wavefunction is square integrable over the entire real axis of the x-complex plane due to the discrete character of the spectrum and the accompanying boundary conditions (3.3) of the problem. Thus the approximate wavefunction (in other words the trial function, 'PT) must decay exponentially when x goes to infinity, in order to compensate the irregular singular behaviour of H at infinity. The structure of the argument of this exponential factor depends on the anharmonicity constant / 3 and the number m. It is -x2/2 for the harmonic oscillator when /3 = 0. However, a function of the absolute value of x, the dominant term of which is proportional to lxI3 [22] , should be used in the case of the quartic oscillator where m = 2. The determination of the exponential factor can be accomplished by making use of the condition lim H'PT/'PT= constant.
X ' Z T (3.6)
This condition is automatically fulfilled if the exact wavefunction is known. However, when we have an approximate wavefunction, YT, the necessary and sufficient condition for H'PT to be contained in the space to which 'PT belongs is (3.6). Then, H'PT is also in the space of the square integrable functions, L 2 . It is evident that the exact wavefunction satisfies the relation for the entire interval of x, x E (-CO, CO). Hence, enforcing the trial function to satisfy the conditions at the singular points of H lim H"'PT/'PT = constant n = 1 , 2 , . . . is of considerable importance. Since there is no singularity in any finite subregion of the x-complex plane, the Frobenius theory of ordinary differential equations dictates that two linearly independent solutions of (3.4) can be expanded into Maclaurin series, both of which are multiplied by an exponential function. Such solutions coverge in all circles centred at the origin whose radii are finite. On the contrary, if we wish to find solutions of (3.4) which are valid for large values of x, we then seek solutions in X -f m the form of infinite series with variable l / x . These serial expansions in inverse powers of x are divergent but asymptotic due to the irregular singularity of 'the point at infinity'. Therefore, it seems almost impossible to obtain an analytic continuation by appropriate manipulations on the power series. All these discussions will be taken into consideration for the selection of the trial function. It is noteworthy that the integration-free character of the Wronskian approach enables us to employ complicated basis functions without any problem. First, let us consider the coordinate transformation
There are three reasons for introducing a new variable 5. Firstly, since 5 is an even function of x we can deal only with the symmetric states of H. This specification, in fact, does not create any loss of generality, because a similar procedure holds to determine the antisymmetric states of H when vl(x) is replaced by x"(x) in (3.4). Secondly, if one is interested in the symmetric states of (3.4), the expansion of the wavefunction at the origin of the x axis is expressible as Thirdly, the insertion of an arbitrary parameter, a, yields a flexibility to accelerate the convergence of the algorithm.
Therefore the problem of determining the symmetric eigenvalues of where the A are the unknown coefficients in the linear combination and g(x) is the function which is to be determined by utilising the condition expressed in (3.6).
Consequently, it is shown that the trial function reflects the asymptotic behaviour of the exact wavefunction at infinity. Furthermore, if we consider the limiting case of 5, when 5 goes to one or, equivalently, when x goes to zero
[ -1 + ( -a / p ) x ' + . . . then ' PT can be regularly expanded for sufficiently small values of x similar to (3.10). 
(3.27)
It is not difficult to prove that the ratio H"'PT/'P\E, for n = 2 , 3 , . . . , tends to a constant as 1x1 +CO or 5 = 0 when the requirement for the constancy of H'€'T/'PT is realised.
That is, the conditions expressed in (3.8) are automatically fulfilled.
We can now construct the, Wronskian matrices in order to evaluate the approximate eigenvalues of the problem. From (3.16) we have (3.28) and with the definitions (2.10) and (2.11) we may derive the elements of the matrices in the forms The matrix 1 so defined reduces to the identity matrix. The harmonic oscillator is a special case of the problem. Equation 
The sextic oscillator
The problem of the sextic oscillator, where m = 3 , may be worked out in a similar fashion. In this case the trial function is of the form 
1-1
The modified eigenvalue problem can be derived as 
By our Wronskian approach the corresponding matrix eigenvalue problem is df= vE(3, P)f (3.42) fT=E1,f*f3,...1 (3.43) where the elements of the matrix are defined by
-2a2[6(j-l ) ( j -2 ) + ( 8 a 0 -2 a , + 9 ) ( j -1 ) +~, ( 2 a 0 -2~, + 3 ) ] 6 , , , , ,
The determination of the parameters a, a, and a , is similar to that of the quartic oscillator case: As can be readily shown, the extension of the method to the octic oscillator and other systems of this kind is straightforward.
Numerical results
The truncated matrix eigenvalue problem where N is the size of truncation, is solved for illustrative purposes. Since the matrix d is non-symmetric certain numerical difficulties may be expected. However, for both m = 2 and m = 3 the transpose of the Wronkian matrix, d T , is of an upper Hessenberg form and of a banded structure. This simpler structure enables us to determine isolated eigenvalues accurately. Hence the QR algorithm for real Hessenberg matrices and the related package routines are employed [23] . We used quadruple precision arithmetic on a VAX-11/780 computer (34 digits) by truncating the results to 30 significant digits.
In tables 1-6 we report the ground-state and the first five symmetric excited-state energy levels of the quartic anharmonic oscillator as a function of the anharmonicity constant, P. It is apparent that the Wronskian approach yields the most accurate numerical results for the ground-state eigenvalues. A slight slowing down of convergence is observed as the state number, n, increases. For very high state numbers it is Table 6 . n = 10 excited-state energy eigenvalues of the quartic anharmonic oscillator as a function of the anharmonicity constant. shown that the maximum size of truncation is 72. The truncation size, for which the desired accuracy is obtained, is also included in the tables. The accuracy of the results, which are in excellent agreement, especially with those of Banerjee [20] , is checked in several ways and the maximum uncertainty in the tabulated eigenvalues is *l in the last significant figure.
Numerical results for the sextic oscillator are similarly presented in tables 7-10.
Results are given only for the first four states and only for four p values in order not to overfill the content of the paper with tabular material. As is shown, the acceleration of the convergence is slow relative to the case of the quartic oscillator.
In tables 11-14, some results of Banerjee [20] and Marziani [ l l ] are given explicitly for the comparison of our successive approximations.
Convergence discussion and concluding remarks
Let us consider the second-order formally self-adjoint linear differential operator, H:
where the potential function, V(x), is analytic, and recall the following quantities which were introduced in § 2 : from which it follows that where N denotes the order of the Wronskian approach. This means that the functional p:<,' is almost constant in an appropriate neighbourhood of the point where x = xo; in other words, it is flattened around x o . However, the capability of flattening decreases as j increases. Since the Wronskian approach imposes only conditions about the closedness of qh, Y>% E 9 ( % ! ) , and of If*%, H9,' E 9 ( X ) , then f o r j > 1 p*'6' may go to infinity at the boundary points of the interval if an operator more general than ( 5 . 1 ) is under consideration. This adversely afiects the flattening capability of the method. However, in a sufficiently small vicinity of the point at x = xo, the desired flattening property of p x ' can be expected. The range of this vicinity depends completely on the structure of the basis functions and the Hamiltonian. For generalised anharmonic oscillators, there is no such residual function due to the exponential factor in the structure of the basis functions. Therefore, as a conclusion, we suggest that q w ( x ) converges to a ground-state eigenfunction, F , ( x ) , if the basis functions are properly chosen. The convergence of the excited modes, on the other hand, seems to be provable by using certain properties of the matrix algebra. We shall not, however, deal with this subject in this paper. The convergence of T I r , ( x ) to F,(x) implies that the most accurate values can be obtained for the ground states. Actually, it is apparent from numerical results presented in 5 4 that the same accuracy as those of the ground states could be obtained for higher modes by increasing the order of the Wronskian approach.
The transformed Hamiltonian (3.13) has three singular points located at 5 = 0, 1 and infinity. The irregular singularity at infinity and the additional singular point at 5=-1, for even m, are out of the 5 interval. However, they may influence the convergence of the method. The singularity at t = O is irregular and is taken care of by the exponential factor in the basis functions. The regular singular point 5 = 1, from the transformation (3.9), is the image of the origin of the x interval. As a result of these remarks a Frobenius series expansion for the solution of the problem at xo = 0 or, equivalently, to = 1 converges in an open unit ball centred at 5 = 1. However, if the calculation point xo differs from zero then to is smaller than one and the corresponding expansion at this point has a convergence radius which is less than unity. If to is very close to zero, i.e. when xo -$ a, a dramatic slowing down of convergence is expected due to the irregularity of the point at 5 = 0. Since the Wronskian approach is a pointwise approximation, such discussions are of considerable importance, hence we use to = 1 as a calculation point at which the Frobenius expansion has a maximum radius of convergence. Although they are not quoted here, numerical results obtained for various values of 5 show that there is a notable loss of convergence.
On the other hand, any possible extra singularity in the pontential, for example a jump discontinuity, creates additional difficulties. This, of course, changes the convergence character of the exact eigenfunctions. To take care of this kind of problem multipoint expansions and their matching are needed. However, we are not going to consider such problems and assiime analyticity of V ( x ) everywhere as previously stated.
Another interesting aspect in general anharmonic oscillators is the selection of the flexible parameter, CY. Even though it looks as if this kind of selection of CY is valid for the nearly harmonic regime of the anharmonicity constant, numerical evaluations show that CY is very effective in the entire range of p.
Consequently, the Wronskian approach yields very encouraging numerical results. The most important advantage is its simplicity. Further detailed investigation of the method to complete the proof of convergence, in the sense of functional analytical concepts, and to generalise to the multivariable case is under consideration.
